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Introduction
The main aim of this thesis is to investigate isomorphisms between certain
Heisenberg-invariant varities or when two Heisenberg-invariant varieties are iso-
morphic.
Our aproach is as follows. First we will decompose the ring of homoge-
nous polynomials of degree k into irreducible Heisenberg-representations, and
isomorphisms-classes of Heisenberg-representations are obtained from these.These
isomorphism-classes are sets {Vα1,α2,...,αk|∀(α1, α2, ..., αk) ∈ Ck}, where Vα1,α2,...,αk
is an irreducible Heisenberg-representation.As Vα1,α2,...,αk is the set of all linear-
combinations of certain polynomials,it has zero setXα1,α2,...,αk.And it is Heisenberg-
invariant since Vα1,α2,...,αk is an Heisenberg-representation.
Now we will show that a certain subgroup of the normalizer of the Heisenberg-
group(or rather its reprentation in GL(C6) in GL(C6) induces isomorphisms
between certain Heisenberg-invariant varieties.This subgroup defines an group-
action on Ck.We will see that Xα1,α2,...,αk and Xβ1,β2,...,βk are isomorphic if
(α1, α2, ..., αk) and β1, β2, ..., βk belongs to the same orbit of this group-action.
Last I will thank my supervisor,Kristian Ranestad,who has been very helpful
all along.
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1 The Heisenberg-group
The Heisenberg-group is the abstract-group generated by the three elements of
order six,σ,γ and , which satisfy the following three relations γσ = σγ,σ = σ
and γ = γ. Thus the Heisenberg-group conists of the elements rσsγt under
group-multiplication
Definition H6={rσsγt|6 = σ6 = γ6 = 1, σ = σσγ = γσ} where  act as a
primitive sixth-root of unity.
And from this definition we get the following multiplication rule.
Proposition 1.1 rσsγt ∗ r′σs′γt′ = r+r′−ts′σs+s′γt+t′
Proof
Let r′, s′ and t′ be fixed and r, s and t vary. We use induction on s+ t
If s+ t = 0 ⇒ s = t = 0 and obviously
rr
′
= r+r
′
Suppose it holds for s+ t = k.Then if s
′′
+ t
′′
= k + 1 ⇒ s′′ = s+ 1 or t′′ = t+ 1
Case I) s
′′
= s+ 1, then t
′′
= t and
rσs
′′
γt
′′
r
′
σs
′
γt
′
rσs+1γtr
′
σs
′
γt
′
=
σrσsγtr
′
σs
′
γt
′
=
σr+r
′−ts′σs+s
′
γt+t
′
=
r+r
′−ts′σ(s+1)+s
′
γt+t
′
=
r+r
′−t′′s′σs
′′
+s′γt
′′
+t′
CaseII) t
′′
= t+ 1, then s
′′
= s and
rσs
′′
γt
′′
r
′
σs
′
γt
′
=
rσsγt+1r
′
σs
′
γt
′
=
r(σsγ)γt ∗ r′σs′γt′ =
(r(sγσs)γt)r
′
σs
′
γt
′
=
sγ(rσsγt)r
′
σs
′
γt
′
=
sγr+r
′−ts′σs+s
′
γt+t
′
=
sr+r
′−ts′(γσs+s
′
)γt+t
′
=
sr+r
′−ts′(−(s+s
′)σs+s
′
γ)γt+t
′
=
−s
′
r+r
′−ts′σs+s
′
γ(t+1)+t
′
=
−s
′
r+r
′−(t′′−1)s′σs
′′
+s′γt
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r+r
′−t′′s′σs
′′
+s′γt
′′
+t′
3
Definition Let µ6 be the group of 6th roots of unity under multiplication ;
µ6 = {r|r = 1, 2, 3, 4, 5, 6}
From the additivity in the multiplication rule in proposition 1.1 we see that
φ(rσsγt) = (s, t) is a group-homomorphism,and it gives rise to the following
isomorphism of the quotient H6/(µ6)
Proposition 1.2 H6/(µ6) ∼= Z6 × Z6 Since |mu6| = 6, and Z6 × Z6 obviously
has 36 elements, we get that H6 indeed has 216 elements.
Proof Let φ : H6 −→ Z6 × Z6 be given by φ(rσsγt) = (s, t). And φ is a
homomorphism;
φ(rσsγtr
′
σs
′
γt
′
) = φ(r+r
′−ts′σs+s
′
γt+t
′
) = (s+s′, t+t′) = φ(rσsγt)φ(r
′
σs
′
γt
′
).
kerφ = {rσsγt|φ(rσsγt) = (0, 0)}, so if r ∗ σs ∗ γt ∈ kerφ, it follows that
s = t = 0
⇒ kerφ = µ6
2 An irreducible representation of H6
A representation of H6 on C6, ρ : H6 −→ GL(C6), where ρ is a group-
homomorphism will be defined by
ρ(σ) =

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
 ,
ρ(γ) =

0 0 0 0 0 0
0 1 0 0 0 0
0 0 2 0 0 0
0 0 0 3 0 0
0 0 0 0 4 0
0 0 0 0 0 5

ρ() =  ∗ I
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So any element in the Heisenberg-group of type 5 is of the form rσsγt and can
be represented as one of the following matrices
0 r+t 0 0 0 0
0 0 r+2t 0 0 0
0 0 0 r+3t 0 0
0 0 0 0 r+4t 0
0 0 0 0 0 r+5t
r 0 0 0 0 0


0 0 0 r+3t 0 0
0 0 0 0 r+4t 0
0 0 0 0 0 r+5t
r 0 0 0 0 0
0 r+t 0 0 0 0
0 0 r+2t 0 0 0


0 0 0 0 r+4t 0
0 0 0 0 0 r+5t
r 0 0 0 0 0
0 r+t 0 0 0 0
0 0 r+2t 0 0 0
0 0 0 r+3t 0 0


0 0 0 0 0 r+5t
0 0 0 0 r+4t 0
0 0 0 r+3t 0 0
0 0 r+2t 0 0 0
0 r+t 0 0 0 0
r 0 0 0 0 0


r 0 0 0 0 0
0 r+t 0 0 0 0
0 0 0 r+3t 0 0
0 0 0 0 r+4t 0
0 0 0 0 0 r+5t

3 The decomposition of the Homogeneous poly-
nomials of degree 1,2,3,4 and 5 into irreducible
Heisenberg-representations
The ring of homogenous polynomials of degree k will be denoted Sk for k =
0, 1, 2, 3, 4, 5.So
Sk = {xi00 xi11 xi22 xi33 xi44 xi55 |i0 + i1 + i2 + i3 + i4 + i5 = k}
We will decompose S1, S2, S3, S4 and S5 into irreducible representations in-
duced by the representation span{x0, x1, x2, x3, x4, x5} defined by
σ(xi) = xi+1 for i = 0, 1, 2, 3, 4, 5
γ(xi) = 
ixi
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So the following representations below of S1, S2, S3, S4 and S5 below are
induced by this by this action of σ and γ on span{x0, x1, x2, x3, x4, x5} in the
following sense
σ(span{f0(x0, x1, x2, x3, x4, x5), f1(x0, x1, x2, x3, x4, x5), ..., fk(x0, x1, x2, x3, x4, x5)}
=
span{f1(σ(x0), σ(x1), σ(x2), σ(x3), σ(x4), σ(x5)), ..., fk(σ(x0), σ(x1), σ(x2), σ(x3), σ(x4), σ(x5)}
and
γ(span{f0(x0, x1, x2, x3, x4, x5), f1(x0, x1, x2, x3, x4, x5), ..., fk(x0, x1, x2, x3, x4, x5)}
=
span{f1(γ(x0), σ(x1), γ(x2), γ(x3), γ(x4), γ(x5)), ..., fk(γ(x0), γ(x1), γ(x2), γ(x3), γ(x4), γ(x5)}
Thus they are clearly Heisenberg-invariant. This induces a group action on
C[x0, x1, x2, x3, x4, x5], and thus a representation of H6 on C[x0, x1, x2, x3, x4, x5]
Below is listed the general forms(isomorphism-classes) that these representations
have,and which is denoted to the right of each one of them.We do not need to
show that the below forms are Heisenberg-representations,but rather that if
two of the irreducible components of S1,S2,S3,S4 or S5 have the same form they
are indeed isomorphic as Heisenberg-representations.So each form below is an
isomorphism-class of the irreducible components of S1,S2,S3,S4 and S5.
subsectionOne-dimensional irreducible Heisenberg-representations
3.0.1 Isomorphism-class Ai
Let V = span{v1} and
σ(v1) = v1,
γ(v1) = 
i ∗ v1 for i = 0, 1, 2, 3, 4, 5
For each i = 0, 1, 2, 3, 4, 5 we get an irreducible Heisenberg-representations;
so there are six-irreducible one-dimensional representations.
3.1 Two-dimensional irreducible Heisenberg-representations
3.1.1 Isomorphism-class B1
Proposition 3.1 Let V = span{v1, v2} and
σ(vi) = v(i+1) (mod 2)
γ(v1) = 
0 ∗ v1
γ(v2) = 
3 ∗ v2
Let V = span{v1, v2} and
σ(vi) = v(i+1) (mod 2)
γ(v1) = 
1 ∗ v1
γ(v2) = 
4 ∗ v2
6
3.1.2 Isomorphism-class B3
Let V = span{v1, v2} and
σ(vi) = v(i+1) (mod 2)
γ(v1) = 
2 ∗ v1
γ(v2) = 
5 ∗ v2
3.2 Three-dimensional irreducible Heisenberg-representations
3.2.1 Isomorphism-class C1
Let V = span{v1, v2, v3} and
σ(vi) = vi+1 (mod 3)
γ(v1) = 
0 ∗ v1
γ(v2) = 
2 ∗ v2
γ(v3) = 
4 ∗ v3
3.2.2 Isomorphism-class C2
Let V = span{v1, v2, v3} and
σ(vi) = vi+1 (mod 3)
γ(v1) = 
1 ∗ v1
γ(v2) = 
3 ∗ v2
γ(v3) = 
5 ∗ v2
3.2.3 Isomorphism-class C3
Let V = span{v1, v2, v3} and
σ(vi) = vi−1 (mod 3)
γ(v1) = 
0 ∗ v1
γ(v2) = 
2 ∗ v2
γ(v3) = 
4 ∗ v2
3.2.4 Isomorphism-class C4
Let V = span{v1, v2, v3} and
σ(vi) = vi−1 (mod 3)
γ(v1) = 
1 ∗ v1
γ(v2) = 
3 ∗ v2
γ(v3) = 
5 ∗ v2
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3.2.5 Isomorphism-class C5
Let V = span{v1, v2, v3} and
σ(vi) = vi+2 (mod 3)
γ(v1) = 
0 ∗ v1
γ(v2) = 
2 ∗ v2
γ(v3) = 
4 ∗ v2
3.2.6 Isomorphism-class C6
Let V = span{v1, v2, v3} and
σ(vi) = vi+2 (mod 3)
γ(v1) = 
1 ∗ v1
γ(v2) = 
3 ∗ v2
3.2.7 Isomorphism-class C7
Let V = span{v1, v2, v3} and
σ(vi) = vi−2 (mod 3)
γ(v1) = 
0 ∗ v1
γ(v2) = 
2 ∗ v2
γ(v3) = 
4 ∗ v2
3.2.8 Isomorphism-class C8
Let V = span{v1, v2, v3} and
σ(vi) = vi−2 (mod 3)
γ(v1) = 
1 ∗ v1
γ(v2) = 
3 ∗ v2
γ(v3) = 
5 ∗ v3
3.3 Six-dimensional irreducible Heisenberg-representations
3.3.1 Isomorphism-class D1
Let V = span{v1, v2, v3, v4, v5, v6} and
σ(vi) = vi+1 (mod 6)
γ(v1) = 
5 ∗ v1
γ(v2) = 
4 ∗ v2
γ(v3) = 
3 ∗ v3
γ(v4) = 
2 ∗ v4
γ(v5) = 
1 ∗ v5
γ(v6) = 
0 ∗ v6
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3.3.2 Isomorphism-class D2
Let V = span{v1, v2, v3, v4, v5, v6} and Now we will se that the direct sum
of irreducible components belonging to the same isomorphism-class splits as
irreducible-representations of the normalizer of the Heisenberg-group inGL(C6),N [H6].
For S2 we will see that
span{x20 + x23, x21 + x24, x22 + x25} ⊕ span{x20 − x23, x21 − x24, x22 − x25}⊕
span{x0x4 + x3x1, x1x5 + x4x2, x2x0 + x5x3} ⊕ span{x0 ∗ x4 − x3 ∗ x1, x1 ∗ x5 − x4x2, x2x0 − x5x3}
splits in two irreducible representations of N [H6],namely
span{x20 + x23, x21 + x24, x22 + x25, x1 ∗ x5 + x4 ∗ x2, x2 ∗ x0 + x5 ∗ x3, x0 ∗ x4 + x3 ∗ x1}
and
span{x20 − x23, x21 − x24, x22 − x25, x1 ∗ x5 − x4 ∗ x2, x2 ∗ x0 − x5 ∗ x3, x0 ∗ x4 + x3 ∗ x1}.
σ(vi) = vi−1 (mod 6)
γ(v1) = 
1 ∗ v1
γ(v2) = 
2 ∗ v2
γ(v3) = 
3 ∗ v3 γ(v4) = 4 ∗ v4
γ(v5) = 
5 ∗ v5
γ(v6) = 
6 ∗ v6
3.3.3 Isomorphism-class D3
Let V = span{v1, v2, v3, v4, v5, v6} and
σ(vi) = vi+2 (mod 6)γ(v1) = 
1 ∗ v1γ(v2) = 2 ∗ v2γ(v3) = 3 ∗ v3γ(v4) = 4 ∗ v4γ(v5) = 5 ∗ v5γ(v6) = 6 ∗ v6
3.3.4 Isomorphism-class D4
σ(vi) = vi−2 (mod 6)
γ(v1) = 
1 ∗ v1
γ(v2) = 
2 ∗ v2
γ(v3) = 
3 ∗ v3
γ(v4) = 
4 ∗ v4
γ(v5) = 
5 ∗ v5
γ(v6) = 
6 ∗ v6
Now to prove that if two of these irreducible components belong to the same
Class above (A1, A2, .., B,B2, ..C1, .D3, D4), they are isomorphic as Heisenberg-
representations.This is easy;a group action on a finitie-dimensional vector-space
is uniquely up to ismomorphism defined by the action of the generators of G on
the basis of V and thus the corresponding representation of G is also uniquely
defined up to isomorphism.
We do not need to show that the below forms are Heisenberg-representations,but
rather that if two of the irreducible components of S1,S2,S3,S4 or S5 have the
same form they are indeed isomorphic as Heisenberg-representations
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3.4 S1
S1 =
span{x0, x1, x2, x3, x4, x5}
3.5 S2
S2 has 21 elements and has a decomposition into the following irreducible
Heisenberg-representations,that are grouped into isomorphism-classes.
S2 =
⊕ span{x20 + x23, x21 + x24, x22 + x25} (C1)
⊕ span{x20 − x23, x21 − x24, x22 − x25} (C1)
⊕ span{x0 ∗ x4 + x3 ∗ x1, x1 ∗ x5 + x4 ∗ x2, x2 ∗ x0 + x5 ∗ x3} (C1)
⊕ span{x0 ∗ x4 − x3 ∗ x1, x1 ∗ x5 − x4 ∗ x2, x2 ∗ x0 − x5 ∗ x3}} (C1)
⊕ span{x0 ∗ x1 + x3 ∗ x4, x1 ∗ x2 + x4 ∗ x5, x2 ∗ x3 + x5 ∗ x0} (C2)
⊕ span{x0 ∗ x3, x1 ∗ x4, x2 ∗ x5} (C2)
⊕ span{x0 ∗ x1 − x3 ∗ x4, x1 ∗ x2 − x4 ∗ x5, x2 ∗ x3 − x5 ∗ x0} (C2)
,
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3.6 S3
⊕ span{x30 + x32 + x34, x31 + x33 + x35} (B1)
⊕ span{x20 ∗ x3 + x22 ∗ x5 + x24 ∗ x1, x21 ∗ x4 + x23 ∗ x0 + x25 ∗ x2}, (B1)
⊕ span{x0 ∗ x1 ∗ x2 + x2 ∗ x3 ∗ x4 + x4 ∗ x5 ∗ x0, x1 ∗ x2 ∗ x3 + x3 ∗ x4 ∗ x5 + x5 ∗ x0 ∗ x1} (B1)
⊕ span{x0 ∗ x2 ∗ x4, x1 ∗ x3 ∗ x5} (B1)
⊕ span{x30 + 4 ∗ x32 + 2 ∗ x34, x31 + 4 ∗ x33 + 2 ∗ x35} (B1)
⊕ span{x20 ∗ x3 + 4 ∗ x22 ∗ x5 + 2 ∗ x24 ∗ x1, x21 ∗ x4 + 4 ∗ x23 ∗ x0 + 2 ∗ x25 ∗ x2} (B1)
⊕ span{x0 ∗ x1 ∗ x2 + 4 ∗ x2 ∗ x3 ∗ x4 + 2 ∗ x4 ∗ x5 ∗ x0, x1 ∗ x2 ∗ x3 + 4 ∗ x3 ∗ x4 ∗ x5 + 2 ∗ x5 ∗ x0 ∗ x1} (B1)
⊕ span{x0 ∗ x2 ∗ x4, x1 ∗ x3 ∗ x5} (B1)
⊕ span{x30 + 2 ∗ x32 + 4 ∗ x34, x31 + 2 ∗ x33 + 4 ∗ x35} (B1)
,⊕ span{x20 ∗ x3 + 2 ∗ x22 ∗ x5 + 4 ∗ x24 ∗ x1, x21 ∗ x4 + 2 ∗ x23 ∗ x0 + 4 ∗ x25 ∗ x2} (B1)
⊕ span{x0 ∗ x1 ∗ x2 + 2 ∗ x2 ∗ x3 ∗ x4 + 4 ∗ x4 ∗ x5 ∗ x0, x1 ∗ x2 ∗ x3 + 2 ∗ x3 ∗ x4 ∗ x5 + 4 ∗ x5 ∗ x0 ∗ x1} (B1)
⊕ span{x0 ∗ x2 ∗ x4, x1 ∗ x3 ∗ x5} (B1) (B1)
⊕ span{x20 ∗ x1 + x22 ∗ x3 + x24 ∗ x5, x21 ∗ x2 + x23 ∗ x4 + x25 ∗ x0} (B2)
⊕ span{x20 ∗ x4 + x22 ∗ x0 + x24 ∗ x2, x21 ∗ x5 + x23 ∗ x1 + x25 ∗ x3} (B2)
⊕ span{x0 ∗ x1 ∗ x3 + x2 ∗ x3 ∗ x5 + x4 ∗ x5 ∗ x1, x1 ∗ x2 ∗ x4 + x3 ∗ x4 ∗ x0 + x5 ∗ x0 ∗ x2} (B2)
⊕ span{x20 ∗ x1 + 4 ∗ x22 ∗ x3 + 2 ∗ x24 ∗ x5, x21 ∗ x2 + 4 ∗ x23 ∗ x4 + 2 ∗ x25 ∗ x0} (B2)
⊕ span{x20 ∗ x4 + 4 ∗ x22 ∗ x0 + 2 ∗ x24 ∗ x2, x21 ∗ x5 + 4 ∗ x23 ∗ x1 + 2 ∗ x25 ∗ x3} (B2)
⊕ span{x0 ∗ x1 ∗ x3 + 4 ∗ x2 ∗ x3 ∗ x5 + 2 ∗ x4 ∗ x5 ∗ x1, x1 ∗ x2 ∗ x4 + 4 ∗ x3 ∗ x4 ∗ x0 + 2 ∗ x5 ∗ x0 ∗ x2} (B2)
⊕ span{x20 ∗ x1 + 2 ∗ x22 ∗ x3 + 4 ∗ x24 ∗ x5, x21 ∗ x2 + 2 ∗ x23 ∗ x4 + 4 ∗ x25 ∗ x0} (B2)
⊕ span{x20 ∗ x4 + 2 ∗ x22 ∗ x0 + 4 ∗ x24 ∗ x2, x21 ∗ x5 + 2 ∗ x23 ∗ x1 + 4 ∗ x25 ∗ x3} (B2)
⊕ span{x0 ∗ x1 ∗ x3 + 2 ∗ x2 ∗ x3 ∗ x5 + 4 ∗ x4 ∗ x5 ∗ x1, x1 ∗ x2 ∗ x4 + 2 ∗ x3 ∗ x4 ∗ x0 + 4 ∗ x5 ∗ x0 ∗ x2} (B2)
⊕ span{x0 ∗ x1 ∗ x4 + x2 ∗ x3 ∗ x0 + x4 ∗ x5 ∗ x2, x1 ∗ x2 ∗ x5 + x3 ∗ x4 ∗ x1 + x5 ∗ x0 ∗ x3} (B3)
⊕ span{x20 ∗ x2 + x22 ∗ x4 + x24 ∗ x0, x21 ∗ x3 + x23 ∗ x5 + x25 ∗ x1} (B3)
⊕ span{x21 ∗ x0 + x23 ∗ x2 + x25 ∗ x4, x22 ∗ x1 + x24 ∗ x3 + x20 ∗ x5} (B3)
⊕ span{x0 ∗ x1 ∗ x4 + 4 ∗ x2 ∗ x3 ∗ x0 + 2 ∗ x4 ∗ x5 ∗ x2, x1 ∗ x2 ∗ x5 + 4 ∗ x3 ∗ x4 ∗ x1 + 2 ∗ x5 ∗ x0 ∗ x3} (B3)
⊕ span{x20 ∗ x2 + 4 ∗ x22 ∗ x4 + 2 ∗ x24 ∗ x0, x21 ∗ x3 + 4 ∗ x23 ∗ x5 + 2 ∗ x25 ∗ x1} (B3)
⊕ span{x21 ∗ x0 + 4 ∗ x23 ∗ x2 + 2 ∗ x25 ∗ x4, x22 ∗ x1 + 4 ∗ x24 ∗ x3 + 2 ∗ x20 ∗ x5} (B3)
⊕ span{x0 ∗ x1 ∗ x4 + 2 ∗ x2 ∗ x3 ∗ x0 + 4 ∗ x4 ∗ x5 ∗ x2, x1 ∗ x2 ∗ x5 + 2 ∗ x3 ∗ x4 ∗ x1 + 4 ∗ x5 ∗ x0 ∗ x3} (B3)
⊕ span{x20 ∗ x2 + 2 ∗ x22 ∗ x4 + 4 ∗ x24 ∗ x0, x21 ∗ x3 + 2 ∗ x23 ∗ x5 + 4 ∗ x25 ∗ x1} (B3)
⊕ span{x21 ∗ x0 + 2 ∗ x23 ∗ x2 + 4 ∗ x25 ∗ x4, x22 ∗ x1 + 2 ∗ x24 ∗ x3 + 4 ∗ x20 ∗ x5} (B3)
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S4 =
span{x40 + x43, x41 + x44, , x42 + x45},
⊕ span{x0x1x2x3 + x3x4x5x0, x1x2x3x4 + x4x5x0x1, x2x3x4x5 + x5x0x1x2} (C1)
⊕ span{x0x1x2x5 + x3x4x5x2, x1x2x3x0 + x4x5x0x3, x2x3x4x1 + x5x0x1x4} (C1)
⊕ span{x20x2x4 + x23x5x1, x21x3x5 + x24x0x2, x22x4x0 + x25x1x3} (C1)
⊕ span{x20x1x3 + x23x4x0, x21x2x4 + x24x5x1, x22x3x5 + x25x0x2} (C1)
⊕ span{x20x22 + x23x25, x21x23 + x24x20, x22x24 + x25x21} (C1)
⊕ span{x20x21 + x23x24, x21x22 + x24x25, x22x23 + x25x20} (C1)
⊕ span{x30x2 + x33x5, x31x3 + x34x0, x32x4 + x35x1} (C1)
⊕ span{x30x4 + x33x1, x31x5 + x34x2, x32x0 + x35x3} (C1)
⊕ span{x20x3x5 + x23x0x2, x21x4x0 + x24x1x3, x22x5x1 + x25x2x4} (C1)
⊕ span{x20x1x5 + x23x4x2, x21x2x0 + x24x5x3, x22x3x1 + x25x0x4} (C1)
⊕ span{x20x23, x21x24, x22x25} (C1)
⊕ span{x40 + 3x43, x41 + 3x44, , x42 + 3x45} (C1)
⊕ span{x0x1x2x3 + x3x4x5x0, x1x2x3x4 + x4x5x0x1, x2x3x4x5 + x5x0x1x2} (C1)
⊕ span{x0x1x2x5 + 3x3x4x5x2, x1x2x3x0 + 3x4x5x0x3, x2x3x4x1 + 3x5x0x1x4} (C1)
⊕ span{x20x2x4 + 3x3x5x1, x21x3x5 + 3x4x0x2, x22x4x0 + 3x5x1x3} (C1)
⊕ span{x20x1x3 + 3x3x4x0, x21x2x4 + 3x4x5x1, x22x3x5 + 3x5x0x2} (C1)
⊕ span{x20x22 + 3x23x25, x21x23 + 3x24x20, x22x24 + 3x25x21} (C1)
⊕ span{x20x21 + 3x23x24, x21x22 + 3x24x25, x22x23 + 3x25x20} (C1)
⊕ span{x30x2 + 3x33x5, x31x3 + 3x34x0, x32x4 + 3x35x1} (C1)
⊕ span{x30x4 + 3x33x1, x31x5 + 3x34x2, x32x0 + 3x35x3} (C1)
⊕ span{x20x3x5 + 3x23x0x2, x21x4x0 + 3x24x1x3, x22x5x1 + 3x25x2x4} (C1)
⊕ span{x20x1x5 + 3x23x4x2, x21x2x0 + 3x24x5x3, x22x3x1 + x25x0x4} (C1)
⊕
⊕ span{x0x1x2x4 + x3x4x5x1, x1x2x3x5 + x4x5x0x2, x2x3x4x0 + x5x0x1x3} (C2)
⊕ span{x20x1x2 + x23x4x5, x21x2x3 + x24x5x0, x23x4x0 + x20x1x3} (C2)
⊕ span{x30x1 + x33x4, x31x2 + x34x5, x32x3 + x35x0} (C2)
⊕ span{x30x3 + x33x0, x31x4 + x34x1, x32x5 + x35x2} (C2)
⊕ span{x30x5 + x33x2, x31x0 + x34x3, x32x1 + x35x4} (C2)
⊕ span{x20x3x4 + x23x0x1, x21x4x5 + x24x1x2, x22x5x0 + x25x2x3} (C2)
⊕ span{x20x4x5 + x23x1x2, x21x5x0 + x24x2x3, x22x0x1 + x25x3x4} (C2)
⊕ span{x20x2x3 + x23x5x0, x21x3x4 + x24x0x1, x22x4x5 + x25x1x2} (C2)
⊕ span{x20x1x4 + x23x4x1, x21x2x5 + x24x5x2, x22x3x0 + x25x0x3} (C2)
⊕ span{x0x1x2x4 + 3x3x4x5x1}
⊕ span{x20x1x2 + 3x23x4x5, x21x2x3 + 3x24x5x0, x23x4x0 + 3x20x1x3} (C2)
⊕ span{x30x1 + 3x33x4, x31x2 + 3x34x5, x32x3 + 3x35x0} (C2)
⊕ span{x30x3 + 3x33x0, x31x4 + 3x34x1, x32x5 + 3x35x2} (C2)
⊕ span{x30x5 + 3x33x2, x31x0 + 3x34x3, x32x1 + 3x35x4} (C2)
⊕ span{x20x3x4 + 3x23x0x1, x21x4x5 + 3x24x1x2, x22x5x0 + 3x25x2x3} (C2)
⊕ span{x20x4x5 + 3x23x1x2, x21x5x0 + 3x24x2x3, x22x0x1 + 3x25x3x4} (C2)
⊕ span{x20x2x3 + 3x23x5x0, x21x3x4 + 3x24x0x1, x22x4x5 + 3x25x1x2} (C2)
⊕ span{x20x1x4 + 3x23x4x1, x21x2x5 + 3x24x5x2, x22x3x0 + 3x25x0x3} (C2)
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3.7 S5
S5 =
span{x50, x51, x52, x53, x54, x55} (D1)
⊕ span{x0x1x2x3x4, x1x2x3x4x5, x2x3x4x5x0, x3x4x5x0x1, x4x5x0x1x2, x5x0x1x2x3} (D1)
⊕ span{x0x1x2x3x5, x1x2x3x4x0, x2x3x4x5x1, x3x4x5x0x2, x4x5x0x1x3, x5x0x1x2x4} (D1)
⊕ span{x20x1x2x3, x21x2x3x4, x22x3x4x5, x23x4x5x0, x24x5x0x1, x25x0x1x2} (D1)
⊕ span{x20x1x2x4, x21x2x3x5, x22x3x4x0, x23x4x5x1, x24x5x0x2, x25x0x1x3} (D1)
⊕ span{x20x1x2x5, x21x2x3x0, x22x3x4x1, x23x4x5x2, x24x5x0x3, x25x0x1x4} (D1)
⊕ span{x20x2x3x4, x21x3x4x5, x22x4x5x0, x23x5x0x1, x24x0x1x2, x25x1x2x3} (D1)
⊕ span{x20x2x4x5, x21x3x5x0, x22x4x0x1, x23x5x1x2, x24x0x2x3, x25x1x3x4} (D1)
⊕ span{x20x1x3x4, x21x2x4x5, x22x3x5x0, x23x4x0x1, x24x5x1x2, x25x0x2x3} (D1)
⊕ span{x20x1x3x5, x21x2x4x0, x22x3x5x1, x23x4x0x2, x24x5x1x3, x25x0x2x4} (D1)
⊕ span{x20x3x4x5, x21x4x5x0, x22x5x0x1, x23x0x1x2, x24x1x2x3, x25x2x3x4} (D1)
⊕ span{x30x1x2, x31x2x3, x32x3x4, x33x4x5, x34x5x0, x35x0x1} (D1)
⊕ span{x30x1x3, x31x2x4, x32x3x5, x33x4x0, x34x5x1, x35x0x2} (D1)
⊕ span{x30x1x4, x31x2x5, x32x3x0, x33x4x1, x34x5x2, x35x0x3} (D1)
⊕ span{x30x1x5, x31x2x0, x32x3x1, x33x4x2, x34x5x3, x35x0x4} (D1)
⊕ span{x30x2x3, x31x3x4, x32x4x5, x33x5x0, x34x0x1, x35x1x2} (D1)
⊕ span{x30x2x4, x31x3x5, x32x4x0, x33x5x1, x34x0x2, x35x1x3} (D1)
⊕ span{x30x2x5, x31x3x0, x32x4x1, x33x5x2, x34x0x3, x35x1x4} (D1)
⊕ span{x30x3x4, x31x4x5, x32x5x0, x33x0x1, x34x1x2, x35x2x3} (D1)
⊕ span{x30x3x5, x31x4x0, x32x5x1, x33x0x2, x34x1x3, x35x2x4} (D1)
⊕ span{x20x21x2, x21x22x3, x22x23x4, x23x24x5, x24x25x0, x25x20x1} (D1)
⊕ span{x20x21x3, x21x22x4, x22x23x5, x23x24x0, x24x25x1, x25x20x2} (D1)
⊕ span{x20x21x4, x21x22x5, x22x23x0, x23x24x1, x24x25x2, x25x20x3} (D1)
⊕ span{x20x21x5, x21x22x0, x22x23x1, x23x24x2, x24x25x3, x25x20x4} (D1)
⊕ span{x20x22x3, x21x23x4, x22x24x5, x23x25x0, x24x20x1, x25x21x2} (D1)
⊕ span{x20x22x4, x21x23x5, x22x24x0, x23x25x1, x24x20x2, x25x21x3} (D1)
⊕ span{x20x22x5, x21x23x0, x22x24x1, x23x25x2, x24x20x3, x25x21x4} (D1)
⊕ span{x20x23x4, x21x24x5, x21x24x5}
⊕ span{x20x23x5, x21x24x0, x22x25x1, x23x20x2, x24x21x3, x25x22x4} (D1)
⊕ span{x30x4x5, x31x5x0, x32x0x1, x33x1x2, x34x2x3, x35x3x4} (D1)
⊕ span{x40x2, x41x3, x42x4, x43x5, x44x0, x45x1} (D1)
⊕ span{x40x3, x41x4, x42x5, x43x0, x44x1, x45x2} (D1)
⊕ span{x40x4, x41x5, x42x0, x43x1, x44x2, x45x3} (D1)
⊕ span{x40x5, x41x0, x42x1, x43x2, x44x3, x45x4} (D1)
⊕ span{x20x31, x21x32, x22x33, x23x34, x24x35, x25x30} (D1)
⊕ span{x20x32, x21x33, x22x34, x23x35, x24x30, x25x31} (D1)
⊕ span{x20x33, x21x34, x22x35, x23x30, x24x31, x25x32} (D1)
⊕ span{x20x34, x21x35, x22x30, x23x31, x24x32, x25x33} (D1)
⊕ span{x20x35, x21x30, x22x31, x23x32, x24x33, x25x34} (D1)
⊕ span{x20x24x5, x21x25x0, x22x20x1, x23x21x2, x24x22x3, x25x23x4} (D1)
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.The irreducible representations above of S1, S2, S3, S4 and S5 are clearly
Heisenberg-invariant and eqivalence-classes of the group acionH6×C[x0, x1, x2, x3, x4, x5] −→
C[x0, x1, x2, x3, x4, x5], since they are irreducible.That they are Heisenberg-
representations because all the actions H6×V −→ V (where V is one of the irre-
ducible components) are inherited from the group-actionH6×C[x0, x1, x2, x3, x4, x5],and
thus they are group-actions.
Now we will se that the direct sum of irreducible components belonging to the
same isomorphism-class splits as irreducible-representations of the normalizer of
the Heisenberg-group in GL(C6),N [H6]. For S2 we will see that
span{x20 + x23, x21 + x24, x22 + x25} ⊕ span{x20 − x23, x21 − x24, x22 − x25}⊕
span{x0x4 + x3x1, x1x5 + x4x2, x2x0 + x5x3} ⊕ span{x0 ∗ x4 − x3 ∗ x1, x1 ∗ x5 − x4x2, x2x0 − x5x3}
splits in two irreducible representations of N [H6],namely
span{x20 + x23, x21 + x24, x22 + x25, x1 ∗ x5 + x4 ∗ x2, x2 ∗ x0 + x5 ∗ x3, x0 ∗ x4 + x3 ∗ x1}
and
span{x20 − x23, x21 − x24, x22 − x25, x1 ∗ x5 − x4 ∗ x2, x2 ∗ x0 − x5 ∗ x3, x0 ∗ x4 + x3 ∗ x1}.
Thus we first have to introduce the normalizer of H6 in GL(C6).We will
first find its abstract group-structure,and then calculate it directly(in GL(V ))-
which is necessary in order to find the action of the normalizator on spaces
such as span{x20 + x23, x21 + x24, (x22 + x25, x1 ∗ x5 + x4 ∗ x2, x2 ∗ x0 + x5 ∗ x3, (x0 ∗
x4 + x3 ∗ x1} Now the Normalizer is the set {n|nH6n−1 = H6} under matrix
multiplication.ρ(H6) is generated by ρ(σ) and ρ(γ),so if n is an element of
the normalizer then nρ(σ)n−1 and nρ(γ)n−1 will also generate ρ(H6).So the
normalizer conists of all matrices n in GL(C6) that satisfy the equations (*)
and (**) (Here ρ is the Heisenberg-representation ρ : H6 −→ GL(C6) defined
above.)
nρ(σ)n−1 = ( ∗ I)rρ(σ)sρ(γ)t (∗)
nρ(γ)n−1 = ( ∗ I)r′ρ(σ)s′ρ(γ)t′ (∗∗)
=⇒ −1 = det(ρ(σ)) = det(( ∗ I)r) det(ρ(σ)s) ∗ det(ρ(γ)t) = 1(−1)s(−1)t = (−1)s+t
=⇒ −1 = det(ρ(γ)) = det(( ∗ I)r′) det(ρ(σ)s′) det(ρ(γ)t′) = 1(−1)s′(−1)t′ = (−1)s′+t′
=⇒ s+ t ≡ 1 (mod 2) og s′ + t′ ≡ 1 (mod 2)
But for n to be in the normalizer we must be sure that nρ(σ)n−1 and
nρ(γ)n−1 actually genetate ρ(H6); so there will be conditions on (s, t, s′, t′)
( ∗ I)r′ρ(σ)s′ρ(γ)t′( ∗ I)rρ(σ)sρ(γ)t
=( ∗ I)( ∗ I)rρ(σ)sρ(γ)t( ∗ I)r′ρ(σ)s′ρ(γ)t′
that by proposition 1.1 translates into
r+r
′−t′sσs+s
′
γt+t
′
r+r
′−ts′+1σs+s
′
γt+t
′
⇒ ts′ − t′s ≡ 1 mod 6
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so s + t ≡ 1 mod 2,s′ + t′ ≡ 1 mod 2 and ts′ − t′s ≡ 1 mod 6. Now the set
of such quadruples (s, t, s′, t′) or the set {
(
s t
s′ t′
)
|s + t ≡ 1 mod 2, s′ + t′ ≡
1 mod 2, ts′− t′s ≡ 1 mod 6} under matrix-multiplication will form a group due
to the following multiplication law. If
Aσ ∗A−1 = r1 ∗ σs1 ∗ γt1
A ∗ γ ∗A−1 = r′1 ∗ σs′1 ∗ γs′1
,B ∗ σ ∗B−1 = r2 ∗ σs2 ∗ γt2
B ∗ γ ∗B−1 = r′2 ∗ σs′2 ∗ γt′2
and
(AB) ∗ σ ∗ (AB)−1 = r ∗ σs ∗ γt
(AB) ∗ γ ∗ (AB)−1 = r′ ∗ σs′ ∗ γt′
then (
s1 t1
s′1 s
′
1
)(
s2 t2
s′2 s
′
2
)
=
(
s t
s′ t′
)
.
Thus we have an homomorphism from the groupN [H6] to the group {
(
s t
s′ t′
)
|s+t ≡ 1 mod 2, s′+t′ ≡ 1 mod 2, ts′−t′s ≡ 1 mod 6} under matrix-multiplication
defined by φ(A) = {
(
s t
s′ t′
)
}, with kernel precicely H6. Thus we have the fol-
lowing proposition
Proposition 3.2 N [H6]/H6 ∼= {
(
s t
s′ t′
)
|s + t ≡ 1 mod 2, s′ + t′ ≡ 1 mod
2, ts′ − t′s ≡ 1 mod 6}
From this we get the following corollary.
Corollary 3.3 N [H6]/H6 = 〈
(
2 1
5 0
)
,
(
2 5
1 0
)
〉
Proof One only need to check that
(
2 1
5 0
)
and
(
2 5
1 0
)
generates N [H6]/H6.
This can just be done by computing all possible products of these matrices.
Next we will calculate the normalizer directly. We saw that N [H6]/H6 ∼=
〈
(
2 1
5 0
)
,
(
2 5
1 0
)
〉, so we will find the matrices in N [H6]/H6 corresonding to(
2 1
5 0
)
and
(
2 1
5 0
)
Proposition 3.4
M1 ∗ σ ∗M1−1 = r ∗ σ2 ∗ γ1
M1 ∗ γ ∗M1−1 = r′ ∗ σ5 ∗ γ0
M2 ∗ σ ∗M2−1 = r ∗ σ2 ∗ γ5
M2 ∗ γ ∗M2−1 = r′ ∗ σ1 ∗ γ0
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then
M1 =

1 1 4 1 1 4
1 1 1 3 4 3
1 2 2 1 2 2
1 3 4 3 1 1
1 4 1 1 4 1
1 5 2 3 2 5

and
M2 =

1 1 2 1 1 2
1 5 1 3 2 3
1 4 4 1 4 4
1 3 2 3 1 5
1 2 1 1 2 1
1 1 4 3 4 1

Now we will decompose S2 into irreducible representations of N[H6].As men-
tioned earlier these are direct sums of irreducible Heisenberg-representations
that are isomorphic as Heisenberg-representations(form the same isomorphism-
class) First we will now see that the direct sum
span{x20 + x23, x21 + x24, x22 + x25}
⊕ span{x20 − x23, x21 − x24, x22 − x25}
⊕ span{x0 ∗ x4 + x3 ∗ x1, x1 ∗ x5 + x4 ∗ x2, x2 ∗ x0 + x5 ∗ x3}
⊕ span{x0 ∗ x4 − x3 ∗ x1, x1 ∗ x5 − x4 ∗ x2, x2 ∗ x0 − x5 ∗ x3}
splits in two irreducible representations of N [H6] namely
span{x20 + x23, x21 + x24, (x22 + x25, x1x5 + x4x2, x2x0 + x5x3, (x0x4 + x3x1}
and
span{x20−x23, x21−x24, (x22−x25, x1∗x5−x4∗x2, x2∗x0−x5∗x3, (x0∗x4+x3∗x1}
.
The action of N [H6]/H6 on
span{x20 + x23, x21 + x24, x22 + x25, x1x5 + x4x2, x2x0 + x5x3, x0x4 + x3x1}
is defined by the following lemmas.
Below we let the matrices M1,M2,M1M2,M2M1 act on the variables x0, x1, x2, x3, x4, x5;
let v be the vector (x0, x1, x2, x3, x4, x5)>, then this map sends x0 −→ y0, x1 −→
y1, x2 −→ y2, x3 −→ y3, x4 −→ y4 and x5 −→ y5. Then let the map induced by
M1 f.ex be f(x0, x1, x2, x3, x4, x5) = f(y0, y1, y2, y3, y4, y5).
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Lemma 3.5 M1 sends
α1∗(x20+x23)+α2∗(x21+x24)+α3∗(x22+x25)+α4∗(x1∗x5+x4∗x2)+α5∗(x2∗x0+x5∗x3)+α6∗(x0∗x4+x3∗x1)
to
+(2 ∗ α1 + 2 ∗ α2 + 2 ∗ α3 + 2 ∗ α4 + 2 ∗ α5 + 2 ∗ α6) ∗ (x20 + x23)
+(2 ∗ α1 + 2 ∗ 2 ∗ α2 + 2 ∗ 4 ∗ α3 + 2 ∗ α4 + 2 ∗ 2 ∗ α5
+2 ∗ 4 ∗ α6) ∗ (x21 + x24)
+(2 ∗ 2 ∗ α1 + 2 ∗ α2 + 2 ∗ 4 ∗ α3 + 2 ∗ 2 ∗ α4
+2 ∗ α5 + 2 ∗ 4 ∗ α6) ∗ (x22 + x25)
+(4 ∗ 4 ∗ α1 + 4 ∗ 4 ∗ α2 + 4 ∗ 4 ∗ α3 + (−2) ∗ 4 ∗ α4
+(−2) ∗ 4 ∗ α5 + (−2) ∗ 4 ∗ α6) ∗ (x1 ∗ x5 + x4 ∗ x2)
+(4 ∗ 4 ∗ α1 + 4 ∗ α2 + 4 ∗ 2 ∗ α3 + (−2) ∗ 4 ∗ α4 + (−2) ∗ α5
+(−2) ∗ 2 ∗ α6) ∗ (x2 ∗ x0 + x5 ∗ x3)
+(4 ∗ α1 + 4 ∗ 4 ∗ α2 + 4 ∗ 2 ∗ α3 + (−2) ∗ α4 + (−2) ∗ 4 ∗ α5
+(−2) ∗ 2 ∗ α6) ∗ ((x0 ∗ x4 + x3 ∗ x1))
and
Lemma 3.6 M2 sends α1 ∗ (x20 + x23) + α2 ∗ (x21 + x24) + α3 ∗ (x22 + x25)
+ α4 ∗ (x1 ∗ x5 + x4 ∗ x2) + α5 ∗ (x2 ∗ x0 + x5 ∗ x3) + α6 ∗ (x0 ∗ x4 + x3 ∗ x1) to
(2 ∗ α1 + 2 ∗ α2 + 2 ∗ α3 + 2 ∗ α4 + 2 ∗ α5 + 2 ∗ α6) ∗ (x20 + x23)
+(2 ∗ α1 + 2 ∗ 4 ∗ α2 + 2 ∗ 2 ∗ α3 + 2 ∗ α2 + 2 ∗ 4 ∗ α5 + 2 ∗ 2 ∗ α6) ∗ (x21 + x24)
+(2 ∗ 4 ∗ α1 + 2 ∗ α2 + 2 ∗ 2 ∗ α3 + 2 ∗ 4 ∗ α4 + 2 ∗ α5 + 2 ∗ 2 ∗ α6) ∗ (x22 + x25)
+(4 ∗ 2 ∗ α1 + 4 ∗ 2 ∗ α2 + 4 ∗ 2 ∗ α3 + (−2) ∗ 2 ∗ α4 + (−2) ∗ 2 ∗ α5 + (−2) ∗ 2 ∗ α6) ∗ (x1 ∗ x5 + x4 ∗ x2)
+(4 ∗ 2 ∗ α1 + 4 ∗ α2 + 4 ∗ 4 ∗ α3 + (−2) ∗ 2 ∗ α4 + (−2) ∗ α5 + (−2) ∗ 4 ∗ α6) ∗ ((x2 ∗ x0 + x5 ∗ x3)
+(4 ∗ α1 + 4 ∗ 2 ∗ α2 + 4 ∗ 4 ∗ α3 + (−2) ∗ α4 + (−2) ∗ 2 ∗ α5 + (−2) ∗ 4 ∗ α6) ∗ ((x0 ∗ x4 + x3 ∗ x1))
Now the representation span{x0x1 − x3x4, x1x2 − x4x5, x2x3 − x5x0} of
N [H6]/H6 is defined by the next two lemmas
Lemma 3.7 M1 sends α1 ∗ (x0 ∗ x1 − x3 ∗ x4) + α2 ∗ (x1 ∗ x2 − x4 ∗ x5) + α3 ∗
(x2 ∗ x3 − x5 ∗ x0) to
(2(+ 1)α1 + 2 ∗ (2 + 1)α2 + 2(2 + 3)α3)(x0x1 − x3x4)
+(2(1 + 5)α1 + 2(
2 + 3)α2 + 2(1 + 
5)α3)(x1x2 − x4x5)
+(2(1 + 1)α1 + 2(1 + 
5)α2 + 2(
4 + 5)α3)(x2x3 − x5x0)
and
Lemma 3.8 M2 sends α1 ∗ (x0 ∗ x1 − x3 ∗ x4) + α2 ∗ (x1 ∗ x2 − x4 ∗ x5) + α3 ∗
(x2 ∗ x3 − x5 ∗ x0) to
(2 ∗ (5 + 1) ∗ α1 + 2 ∗ (4 + 5) ∗ α2 + 2 ∗ (4 + 3) ∗ α3) ∗ (x0 ∗ x1 − x3 ∗ x4)
+(2 ∗ (1 + 1) ∗ α1 + 2 ∗ (4 + 3) ∗ α2 + 2 ∗ (1 + 1) ∗ α3) ∗ (x1 ∗ x2 − x4 ∗ x5)
+(2 ∗ (1 + 5) ∗ α1 + 2 ∗ (1 + 1) ∗ α2 + 2 ∗ (2 + 5) ∗ α3) ∗ (x2 ∗ x3 − x5 ∗ x0)
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And span{x20 − x23, x21 − x24, x22 − x25, x0x4 − x3x1), x1x5 + x4, x2x0 − x5x3,
x0x3, x1x4, x2x5, x0x1 + x3x4, x1x2 + x4x5, x2x3 + x5x0)} becomes a represen-
tation of N[H6]/H6 by
Lemma 3.9 M1 sends α1(x20 − x23) + α2(x21 − x24) + α3(x22 − x25)
+ α4((x0x4 − x3x1)) + α5((x1x5 + x4x2)) + α6((x2x0 − x5x3))
+ α7x0x3 + α8x1x4 + α9x2x5 + α10(x0x1 + x3x4)
+ α11(x1x2 + x4x5) + α12(x2x3 + x5x0) to
(4 ∗ α1 + 4 ∗  ∗ α2 + 4 ∗ 2 ∗ α3 − 2 ∗ 2 ∗ α4 − 2 ∗ 3 ∗ α5
−2 ∗ 4 ∗ α6) ∗ (x0 ∗ x1 + x3 ∗ x4)
+(4 ∗ 4 ∗ α1 + 4 ∗  ∗ α2 + 4 ∗ 4 ∗ α3 − 2 ∗ 4 ∗ α4 − 2 ∗ 1 ∗ α5
−2 ∗ 4 ∗ α6) ∗ (x1 ∗ x2 + x4 ∗ x5)
+(4 ∗ 4 ∗ α1 + 4 ∗ 3 ∗ α2 + 4 ∗ 2 ∗ α3 − 2 ∗ 2 ∗ α4
−2 ∗ 1 ∗ α5 − 2 ∗ α6) ∗ (x2 ∗ x3 + x5 ∗ x0)
+(4 ∗ α1 + 4 ∗ 3 ∗ α2 + 4 ∗ α3 + 4 ∗ α4 + 4 ∗ 3 ∗ α5 + 4 ∗ α6) ∗ x0 ∗ x3
+(4 ∗ α1 + 4 ∗ 5 ∗ α2 + 4 ∗ 4 ∗ α3 + 4 ∗ 4 ∗ α4 + 4 ∗ 3 ∗ α5
+4 ∗ 4 ∗ α6) ∗ x1 ∗ x4
+(4 ∗ α1 + 4 ∗ 3 ∗ α2 + 4 ∗ 4 ∗ α3 + 4 ∗ 4 ∗ α4
+4 ∗ 5 ∗ α5 + 4 ∗ α6) ∗ x2 ∗ x5
+(α7 + α8 + α9 + 2 ∗ α10 + 2 ∗ α11 + 2 ∗ α12) ∗ (x20 − x23)
+(3 ∗ α7 + 5 ∗ α8 + 1 ∗ α9 + 2 ∗ 1 ∗ α10
+(−2) ∗ α11 + 2 ∗ 5 ∗ α12) ∗ (x21 − x24)
+(2 ∗ α7 + 1 ∗ α8 + 4 ∗ α9 + 2 ∗ 4 ∗ α10
+(−2) ∗ α11 + 2 ∗ α12) ∗ (x22 − x25)
+(2 ∗ α7 + 2 ∗ 4 ∗ α8 + 2 ∗ 2 ∗ α9 + (−2) ∗ 2 ∗ α10
+(−2) ∗ α11 + (−2) ∗ 4 ∗ α12) ∗ ((x0 ∗ x4 − x3 ∗ x1))
+(2 ∗ 1 ∗ α7 + 2 ∗ 1 ∗ α8 + 2 ∗ 1 ∗ α9 + (−2) ∗ 1 ∗ α10
+(−2) ∗ 1 ∗ α11 + (−2) ∗ 1 ∗ α12) ∗ (x1 ∗ x5 − x4 ∗ x2)
+(2 ∗ 4 ∗ α7 + 2 ∗ α8 + 2 ∗ 2 ∗ α9 + (−2) ∗ 2 ∗ α10
+(−2) ∗ 4 ∗ α11 + (−2) ∗ α12) ∗ ((x2 ∗ x0 − x5 ∗ x3))
and
Lemma 3.10 M2 sends
α1 ∗ (x20 − x23) + α2 ∗ (x21 − x24) + α3 ∗ (x22 − x25)
+α4 ∗ ((x0 ∗ x4 − x3 ∗ x1)) + α5 ∗ ((x1 ∗ x5 − x4 ∗ x2))
+α6 ∗ ((x2 ∗ x0 − x5 ∗ x3)) + α7 ∗ x0 ∗ x3 + α8 ∗ x1 ∗ x4
+α9 ∗ x2 ∗ x5 + α10 ∗ (x0 ∗ x1 + x3 ∗ x4)
+α11 ∗ (x1 ∗ x2 + x4 ∗ x5) + α12 ∗ (x2 ∗ x3 + x5 ∗ x0)
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to
(4 ∗ α1 + 4 ∗ 5 ∗ α2 + 4 ∗ 4 ∗ α3 − 2 ∗ 4 ∗ α4
−2 ∗ 3 ∗ α5 − 2 ∗ 2 ∗ α6) ∗ (x0 ∗ x1 + x3 ∗ x4)
+(4 ∗ 2 ∗ α1 + 4 ∗ 5 ∗ α2 + 4 ∗ 2 ∗ α3
−2 ∗ 2 ∗ α4 − 2 ∗ 5 ∗ α5 − 2 ∗ 2 ∗ α6) ∗ (x1 ∗ x2 + x4 ∗ x5)
+(4 ∗ 2 ∗ α1 + 4 ∗ 3 ∗ α2 + 4 ∗ 4 ∗ α3 − 2 ∗ 4 ∗ α4
−2 ∗ 5 ∗ α5 − 2 ∗ α6) ∗ (x2 ∗ x3 + x5 ∗ x0)
+(4 ∗ α1 + 4 ∗ 3 ∗ α2 + 4 ∗ α3 + 4 ∗ α4 + 4 ∗ 3 ∗ α5 + 4 ∗ α6) ∗ x0 ∗ x3
+(4 ∗ α1 + 4 ∗ 1 ∗ α2 + 4 ∗ 2 ∗ α3 + 4 ∗ 2 ∗ α4 + 4 ∗ 3 ∗ α5
+4 ∗ 2 ∗ α6) ∗ x1 ∗ x4
+(4 ∗ α1 + 4 ∗ 3 ∗ α2 + 4 ∗ 2 ∗ α3 + 4 ∗ 2 ∗ α4
+4 ∗ 1 ∗ α5 + 4 ∗ α6) ∗ x2 ∗ x5
+(α7 + α8 + α9 + 2 ∗ α10 + 2 ∗ α11 + 2 ∗ α12) ∗ (x20 − x23)
+(3 ∗ α7 + 1 ∗ α8 + 5 ∗ α9 + 2 ∗ 5 ∗ α10
+(−2) ∗ α11 + 2 ∗ 1 ∗ α12) ∗ (x21 − x24)
+(4 ∗ α7 + 1 ∗ α8 + 2 ∗ α9 + 2 ∗ 2 ∗ α10
+(−2) ∗ α11 + 2 ∗ α12) ∗ (x22 − x25)
+(2 ∗ α7 + 2 ∗ 2 ∗ α8 + 2 ∗ 4 ∗ α9 + (−2) ∗ 4 ∗ α10+
+(−2) ∗ α11 + (−2) ∗ 2 ∗ α12) ∗ (x0 ∗ x4 − x3 ∗ x1)
+(2 ∗ 5 ∗ α7 + 2 ∗ 5 ∗ α8 + 2 ∗ 5 ∗ α9 + (−2) ∗ 5 ∗ α10
+(−2) ∗ 5 ∗ α11 + (−2) ∗ 5 ∗ α12) ∗ (x1 ∗ x5 − x4 ∗ x2)
+(2 ∗ 2 ∗ α7 + 2 ∗ α8 + 2 ∗ 4 ∗ α9 + (−2) ∗ 4 ∗ α10
+(−2) ∗ 2 ∗ α11 + (−2) ∗ α12) ∗ ((x2 ∗ x0 − x5 ∗ x3))
We will not prove all of the lemmas as they involve rather long and te-
dious calculations,but merely that the action of M2 is analogous to that of M1;
everywhere we can just replace α with −α.
Lemma 3.11 If M1 sends α1(x0x1−x3x4)+α2(x1x2−x4x5)+α3(x2x3−x5x0)
to
(2(1 + 1)α1 + 2(
2 + 1)α2 + 2(
2 + 3)α3)(x0x1 − x3x4)
+(2(1 + 5)α1 + 2(
2 + 3)α2 + 2(1 + 
5)α3)(x1x2 − x4x5)
+(2(11)α1 + 2(1 + 
5)α2 + 2(
4 + 5)α3)(x2x3 − x5x0).
then M2 sends α1 ∗ (x0 ∗ x1 − x3x4) + α2(x1x2 − x4x5) + α3(x2x3 − x5x0) to
(2(−1 + 1)α1 + 2(−2 + −1)α2 + 2(−2 + −3)α3)(x0x1 − x3x4)
+(2(1 + −5)α1 + 2(−2 + −3)α2 + 2(1 + −5)α3)(x1x2 − x4x5)
+(2(1−1)α1 + 2(1 + −5)α2 + 2(−4 + −5)α3)(x2x3 − x5x0).
And similar for the actions on
span{x20 + x23, x21 + x24, x22 + x25, x1x5 + x4x2, x2x0 + x5x3, x0x4 + x3x1}
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and
span{x20 − x23, x21 − x24, x22 − x25, x1x5 − x4x2, x2 ∗ x0 − x5x3, x0x4 + x3x1}.
Proof Look at
M1(x0x1 + x3x4) = (M111x0 +M112x1 +M113x2 +M114x3 +M115x4 +M116x5)
(M121x0 +M122x1 +M123x2 +M124x3 +M125x4 +M126x5)
+(M141x0 +M142x1 +M143x2 +M144x3 +M145x4 +M146x5)
(M151x0 +M152x1 +M153x2 +M154x3 +M155x4 +M156x5)
The coefficient of xixj will beM11iM12j+M11jM12i+M14iM15j+M14jM15i
(*)
And the coeffecient of xixj in the expression
M2(x0x1 + x3x4) = (M211x0 +M212x1 +M213x2 +M214x3 +M215x4 +M216x5)
(M221x0 +M222x1 +M223x2 +M224x3 +M225x4 +M226x5)
+(M241x0 +M242x1 +M243x2 +M244x3 +M245x4 +M246x5)
(M251x0 +M252x1 +M253x2 +M254x3 +M255x4 +M256x5)
will be M21iM22j +M21jM22i +M24iM25j +M24jM25i.(**)the two irre-
ducible Heisenberg-representations span{x0x1+x3x4, x1x2+x4x5, x2x3+x5x0}
and span{x3x0, x4x1, x2x5}.
So Xα1,α2 is a Heisenberg-invariant variety.We say that Xα1,α2 and Xbeta1,β2
are isomorphic as Heisenberg-invariant varieties if Vα1,α2 and Vβ1,β2 are isomor-
phic as Heisenberg-representations.An interestning question is when Xα1,α2 and
Xbeta1,β2 are isomorphic as Heisenberg-invariant varieties; the next four lemmas
gives an exact relation between (α1, α2) and (beta1, β2).
The entries of
M1 =

1 1 4 1 1 4
1 1 1 3 4 3
1 2 2 1 2 2
1 3 4 3 1 1
1 4 1 1 4 1
1 5 2 3 2 5

is of the form M1ij = uij where uij is 0,1,2,3,4 or 5 and then the entries of
M2 =

1 1 2 1 1 2
1 5 1 3 2 3
1 4 4 1 4 4
1 3 2 3 1 5
1 2 1 1 2 1
1 1 4 3 4 1

is of the form M1ij = uij where uij is 0,1,2,3,4 or 5
Thus the expression in (*) will be sums of the form
∑
γuγv Now M2−1ij =
M1ij = 
−uij and thus the expression in (**) will be of the form
∑
−γu−γv .Now
the result follows.
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Vα1,α2 = span{α1(x0x1+x3x4)+α2(x2x5), α1(x1x2+x4x5)+α2(x3x0)α1(x2x3+x5x0)+α2(x4x1)}
is an irreducible Heisenberg-representation obtained from the two irreducible
Heisenberg-representations span{x0x1 + x3x4, x1x2 + x4x5, x2x3 + x5x0} and
span{x3x0, x4x1, x2x5}. Let Xα1,α2 be the variety
{(x0, x1, x2, x3, x4, x5)|f(x0, x1, x2, x3, x4, x5) = 0 ∀
c1(α1(x0x1 + x3x4) + α2(x2x5)) + c2(α1(x1x2 + x4x5) + α2(x3x0))
+c3(α1(x2x3 + x5x0) + α2(x4x1)),
c1, c2, c3 ∈ C},
And let Xα1,α2,α3 =
= {(x0, x1, x2, x3, x4, x5)|f(x0, x1, x2, x3, x4, x5) = 0 ∀
f = α1(x
2
0x1 + x
2
2x3 + x
2
4x5) + α2(x1x2x4 + x3x4x0 + x5x0x2)
+α3(x
2
1x5 + x
2
3x1 + x
2
5x3)}
So Xα1,α2 is a Heisenberg-invariant variety.We say that Xα1,α2 and Xβ1,β2 are
isomorphic as Heisenberg-invariant varieties if Vα1,α2 and Vβ1,β2 are isomor-
phic as Heisenberg-representations.An interestning question is when Xα1,α2 and
Xbeta1,β2 are isomorphic as Heisenberg-invariant varieties; the next four lemmas
gives an exact relation between (α1, α2) and (β1, β2).
But first some preliminary results about the matrices M1M2 and M2M1.
Remember that
M1 =

1 1 4 1 1 4
1 1 1 3 4 3
1 2 2 1 2 2
1 3 4 3 1 1
1 4 1 1 4 1
1 5 2 3 2 5

and
M2 =

1 1 2 1 1 2
1 5 1 3 2 3
1 4 4 1 4 4
1 3 2 3 1 5
1 2 1 1 2 1
1 1 4 3 4 1
 .
Thus
M1M2 =

2(2 + 4) 0 2(1 + 22) 0 2(1 + 22) 0
0 2(2 + 4) 0 (2 + 4) 0 22(22 + 1)
2(1 + 22) 0 2(1 + 22) 0 2(2 + 4) 0
0 2(1 + 22) 0 2(2 + 4) 0 2 ∗ (1 + 22)
2 ∗ (2 + 4) 0 22(2 ∗ 2 + 1) 0 2(2 + 4) 0
0 2 ∗ (2 + 4) 0 2(1 + 22) 0 2 ∗ (1 + 22)

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and
M2M1 =

2(2 + 2) 0 2(1 + 24) 0 2(1 + 24) 0
0 2(2 + 2) 0 (2 + 2) 0 24(4 + 1)
2(1 + 24) 0 2(1 + 24) 0 2(2 + 2) 0
0 2(1 + 24) 0 2(2 + 2) 0 2(1 + 24)
2(2 + 2) 0 24 ∗ (24 + 1) 0 2(2 + 2) 0
0 2 ∗ (2 + 2) 0 2(1 + 24) 0 2 ∗ (1 + 24)

If
M1 ∗ σ ∗M1−1 = r ∗ σ2 ∗ γ1
M1 ∗ γ ∗M1−1 = r′ ∗ σ5 ∗ γ0
and
M2 ∗ σ ∗M2−1 = r ∗ σ2 ∗ γ5
M2 ∗ γ ∗M2−1 = r′ ∗ σ1 ∗ γ0
,
M1M2 ∗ σ ∗ (M1M2)−1 = r ∗ σs ∗ γt
M1M2 ∗ γ ∗ (M1M2)−1 = r′ ∗ σs′ ∗ γt′
then (
2 1
5 0
)
∗
(
2 5
1 0
)
=
(
s t
s′ t′
)
=
(
5 4
4 1
)
(1)
So M1M2∗σ ∗ (M1M2)−1 = r ∗σ5 ∗γ4 M1M2∗γ ∗ (M1M2)−1 = r′ ∗σ4 ∗γ1.
This follows from the multiplication law on page 15.
So it follows from the proposition that
〈M1M2,M2M1〉 = 〈
(
5 2
2 1
)
,
(
5 4
4 1
)
〉 .
So we have the following result.
Proposition 3.12
〈M1M2,M2M1〉 = 〈
(
5 2
2 1
)
,
(
5 4
4 1
)
〉 is isomorphic to the quaternion group
Proof
x 1 i j k
1 1 i j k
i i -1 k -j
j j k -1 i
k k j -i -1
i =
(
5 4
4 1
)
,j =
(
5 2
2 1
)
k =
(
3 2
4 3
)
, (2)
And these matrices satisfy the multiplication table above.
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Lemma 3.13 M1M2 sends the element
c1 ∗ (α1(x0x1 + x3x4) + α2(x2x5)) + c2(α1(x1x2 + x4x5) + α2(x3x0))
+c3 ∗ (α1(x2x3 + x5x0) + α2(x4x1))
to
c1 ∗ (β1(x0x1 + x3x4) + β2(x2x5)) + c2(β1(x1x2 + x4x5) + β2(x3x0))
+c3 ∗ (β1(x2x3 + x5x0) + β2(x4x1))
where β1 = α24 + 2α1 og β2 = α2 + 22 ∗ α1.
Lemma 3.14
M2M1 sends the element
c1(α1(x0x1 + x3x4) + α2(x2x5)) + c2(α1(x1x2 + x4x5) + α2(x3x0))
+c3(α1(x2x3 + x5x0) + α2(x4x1))
to
c1(β1(x0x1 + x3x4) + β2(x2x5)) + c2(β1(x1x2 + x4x5) + β2(x3x0))
+c3 ∗ (β1(x2x3 + x5x0) + β2(x4x1))C
where β1 = α2 ∗ 2 + 2 ∗ α1 og β2 = α2 + 2 ∗ 4 ∗ α1.
Lemma 3.15
M1M2 sends
α1(x
2
0x1 + x
2
2x3 + x
2
4x5) + α2(x1x2x4 + x3x4x0 + x5x0x2)
+α3(x
2
1x5 + x
2
3x1 + x
2
5x3)
to
β1 ∗ (x20x1 + x22x3 + x24x5) + β2(x1x2x4 + x3x4x0 + x5x0x2)
+β3(x
2
1x5 + x
2
3x1 + x
2
5x3)
where β1 = (−3)(1 + 22)α1 + (−3)(2 + 24)α2, β2 = (−3)(2 + 4)α1
+ (−3)(1 + 24)α2 and β3 = −24(2 + 4(2 + 4).
Lemma 3.16
M2M1 sends
Cα1(x20x1 + x22x3 + x24x5) + α2(x1x2x4 + x3x4x0 + x5x0x2)
+α3(x
2
1x5 + x
2
3x1 + x
2
5x3)
to
β1(x
2
0x1 + x
2
2x3 + x
2
4x5) + β2(x1x2x4 + x3x4x0 + x5x0x2)
+β3(x
2
1x5 + x
2
3x1 + x
2
5x3)
where β1 = (−3) ∗ (1 + 2 ∗ 4) ∗ α1 + (−3) ∗ (4 + 2 ∗ 2) ∗ α2,
β2 = (−3)∗(2+(2))∗α1+(−3)∗(1+2∗2)∗α2andβ3 = −24∗(2+2)∗(2+2).
So the map M1M2 and M2M1 above induces the following group-actions
on C2 and C3. The group-action on C2 is defined by M1M2 that induces the
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following map from C2 to C2 given by (α1, α2)→ (α24 + 2α1, α2 + 22α1) and
M2M1 which induce the map (α1, α2)→ (α22+2α1, α2+24α1) , The group-
action on C3 is defined by M1M2 that induces the map from C3 to C3 given
by
(α1, α2.α3)→
((−3)(1 + 22)α1 + (−3)(2 + 24)α2,
(−3)(2 + 4)α1 + (−3)(1 + 2 ∗ 4)α2,−24(2 + 4) ∗ 2 + 4)
and M2M1 induces the map
(α1, α2, α3)→
((−3) ∗ (1 + 24) ∗ α1 + (−3)(4 + 22)α2,
(−3) ∗ (2 + 2) ∗ α1 + (−3) ∗ (1 + 2 ∗ 2) ∗ α2,−24 ∗ (2 + 2) ∗ (2 + 2).
This defines a group action of 〈M1M2,M2M1〉 or of the quaternion group on
C2 and C3 ; and this group-action partions C2 into equivalence classes(orbits).
So if (α1, α2) and (β1, β2) are of the same equivalence class(or orbit),then Xα1,α2
and Xβ1,β2 are ismorphic as varieties(*). 〈M1M2,M2M1〉 also defines a group-
action on C3, and here Xα1,α2,α3 and Xβ1,β2,β3 are also isomorphic as varieties
if (α1, α2, α3) (β1, β2, β3) belong to the same orbit of this action(**).
The isomorphisms between the varities above follws from the fact that 〈M1M2,M2M1〉
is a subgroup of N [H6],the normalizer ofH6. So in a sense the quaternion-group
is the key to the solution of the question when two Xα1,α2 and Xβ1,β2 are iso-
morphic as Heisenberg-invariant varieties.
Conjecture The statements (*) and (**) above holds for irreducible Heisenberg-
varities that are obtained in an analogous manner as Xα1,α2 and Xα1,α2,α3
Lastly we will prove that the maps induced by M2M1 can be obtained from
the map induced by M1M2 by replacing every u with −u.So it is given by
(α1, α2)→
(α2
−4 + 2α1, α2 + 2−2α1)
and
(α1, α2.α3)→
((−3)(1 + 2−2)α1 + (−3)(2 + 2−4)α2,
(−3)(2 + −4)α1 + (−3)(1 + 2−4)α2,−24(2 + −4)(2 + −4)
. Then we will prove tha we can replace u with −u.
Proof Look at
M1M2(x0x1 + x3x4) =
(M1M211x0 +M1M212x1 +M1M213x2 +M1M214x3 +M1M215x4 +M1M216x5)
(M1M221x0 +M1M222x1 +M1M223x2 +M1M224x3 +M1M225x4 +M1M226x5)+
(M1M241x0 +M1M242x1 +M1M243x2 +M1M244x3 +M1M245x4 +M1M246x5)
(M1M251x0 +M1M252x1 +M1M253x2 +M1M254x3 +M1M255x4 +M1M256x5)
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The coefficient of xixj will be
M1M21iM1M22j+M1M21jM1M22i+M1M24iM1M25j+M1M24jM1M25i (∗)
And the coeffecient of xixj in the expression
M2M1(x0x1 + x3x4) =
(M2M111x0 +M2M112x1 +M2M113x2 +M2M114x3 +M2M115x4 +M2M116x5)
(M2M121x0 +M2M122x1 +M2M123x2 +M2M124x3 +M2M125x4 +M2M126x5)+
(M2M141x0 +M2M142x1 +M2M143x2 +M2M144x3 +M2M145x4 +M2M146x5)
(M2M151x0 +M2M152x1 +M2M153x2 +M2M154x3 +M2M155x4 +M2M156x5)
The coefficient of xixj will be
M2M11iM2M12j+M2M11jM2M12i+M2M14iM2M15j+M2M14jM2M15i (∗)
Since
M1M2ij = 
ai1 ∗ b1j + ai2 ∗ b2j + ai3b3j + ai4 ∗ b4j + ai5 ∗ b5j + ai6b6j
, where ai1, ai2...ai6, b1j ........b6j are elemenents of the set {0, 1, 2, 3, 4, 5}, the
expression in (*) will be of the form
∑
γuγvγwγx . But since
M2M1ij = 
−ai1∗−b1j+−ai2∗−b2j+−ai3−b3j+−ai4∗−b4j+−ai5∗−b5j+−ai6∗−b6j ,
the expression in (**) is of the form
∑
−γu−γv−γw−γx . And similar for
M1M2(x2x5),M1M2(x1x2+x4x5, )M1M2(x3x0),M1M2(x2x3+x5x0) andM1M2(x4x1).
So lemma 4.12 follows from 4.10 by replacing α with −α in the expressions for
β1 and β2. Same argument will also prove lemma 4.13
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